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We ﬁnd conditions which ensure the integrability of the canonical 3-dimensional distribu-
tion V spanned by the Reeb vector ﬁelds of an almost 3-contact manifold, showing by an
explicit counterexample that the normality of the structures does not necessarily imply the
integrability of V . Then we focus on those almost 3-contact metric manifolds for which V
is integrable and we deﬁne an appropriate notion of almost 3-contact metric connection
with torsion. The geometry of an almost 3-contact manifold with torsion is then studied
and put in relation with the well-known HKT-geometry.
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1. Introduction
Riemannian manifolds admitting a metric connection with totally skew-symmetric torsion recently have become subject
of interest in theoretical and mathematical physics. For instance, the properties of metric connections with torsion describe
the geometry of the target space of sigma models with extended supersymmetry with Wess–Zumino term [16,17], as well
as, in the supergravity theories, the moduli space of a class of black holes [13]. Moreover, the geometry of NS-5 brane of
type II supergravity theories is generated by such connections [26–28].
Of particular interest, because of their applications in quantum ﬁeld theories and string theory, are hyper-Kähler man-
ifolds with torsion, brieﬂy denoted in the physical terminology HKT-manifolds, and a lot of papers have appeared in the
last decade on this subject (see [1] and references therein). We recall the precise deﬁnition of HKT-manifold. Let M be a
smooth manifold endowed with a hypercomplex structure ( J1, J2, J3) and a Riemannian metric g which is Hermitian with
respect to each J i , i ∈ {1,2,3}. Then we say that (M, J i, g) is a hyper-Hermitian manifold. A given hyper-Hermitian man-
ifold (M, J i, g) is said to be a hyper-Kähler manifold with torsion [14] if M admits a linear connection ∇ such that ∇g = 0,
∇ J1 = ∇ J2 = ∇ J3 = 0, and whose torsion is totally skew-symmetric. This last condition means that the torsion (0,3)-type
tensor, deﬁned by T (X, Y , Z) = g(T∇(X, Y ), Z), is a 3-form, where by T∇ we denote the torsion tensor ﬁeld of the connec-
tion ∇ . Such a connection is known as HKT-connection in physics literature, and if it exists then it is unique. It is a well
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nection with torsion is that d J1Ω1 = d J2Ω2 = d J3Ω3, where Ωi is the fundamental 2-form associated with the almost Her-
mitian structure J i and d Ji stands for the J i-twisted derivative, deﬁned by d JiΩi(X, Y , Z) := −dΩi( J i X, J iY , J i Z). Likewise,
quaternionic-Kähler connections with torsion (sometimes referred as QKT-connections) are deﬁned as metric connections
with totally skew-symmetric torsion on almost quaternionic-Hermitian manifolds (M, Q , g), which are also quaternionic
connections i.e. they preserve the almost quaternionic structure, and whose torsion 3-form is of type (1,2) + (2,1) with
respect to all almost complex structures in the almost quaternionic structure Q of M (cf. [19]). This last condition explicitly
means that
T (X, Y , Z) = T ( J i X, J iY , Z) + T ( J i X, Y , J i Z) + T (X, J iY , J i Z), (1.1)
for all X, Y , Z ∈ Γ (TM) and i ∈ {1,2,3}, where ( J1, J2, J3) is an admissible basis which locally spans the almost quater-
nionic structure Q .
A very complete survey for HKT-geometry and, more in general, for the theory of metric connections with torsion and its
applications in mathematical physics is given in [1]. One of the open questions risen in that article is whether it is possible
to deﬁne an appropriate notion of metric connection with torsion in the setting of 3-Sasakian manifolds. The starting point
for solving this problem is the following remarkable theorem of T. Friedrich and S. Ivanov:
Theorem 1.1. (See [12].) An almost contact metric manifold (M, φ, ξ,η, g) admits a metric connection∇ with totally skew-symmetric
torsion T and such that ∇ξ = ∇η = ∇φ = 0 if and only if ξ is a Killing vector ﬁeld and the (0,3)-type tensor N is skew-symmetric,
where N(X, Y , Z) := g([φ,φ](X, Y ) + dη(X, Y )ξ, Z). Furthermore, ∇ is explicitly given by
g(∇X Y , Z) = g
(∇ gX Y , Z)+ 12 T (X, Y , Z), (1.2)
with
T = η ∧ dη + dφΦ + N − η ∧ (iξN), (1.3)
where ∇ g denotes the Levi Civita connection of (M, φ, ξ,η, g).
For a Sasakian structure, N = 0 and dη = 2Φ implies dφΦ = 0, hence T is given by the much simpler formula T = η∧dη.
Therefore, according to Theorem 1.1, for a 3-Sasakian manifold (M, φi, ξi, ηi, g), i ∈ {1,2,3}, there exist three connections
∇1, ∇2, ∇3, one for each Sasakian structure (φi, ξi, ηi, g), such that ∇iξi = ∇iηi = ∇iφi = 0 and Ti = ηi ∧ dηi . But now,
as pointed out in [1], the analogy between 3-Sasakian manifolds and HKT-manifolds breaks down because these three
connections do not coincide, hence the 3-Sasakian structure itself is not preserved by any metric connection with skew-
symmetric torsion.
The aim of this paper is just to answer to this question, thus deﬁning a weaker notion of “3-Sasakian connection with
torsion”. More in general, we study metric connections with torsion in the setting of almost 3-contact metric manifolds.
We then speak of almost 3-contact metric manifolds with torsion. As we will see, one of the peculiarities of these manifolds
is that the 3-dimensional distribution V generated by the Reeb vector ﬁelds is integrable. In order to better understand the
geometric meaning of this property we ﬁrstly study, in Section 3, the general case of an almost 3-contact metric manifold
such that V is integrable. It is an old question whether the hyper-normality of the almost contact 3-structure could imply
the integrability of V , as it happens for 3-Sasakian or 3-cosymplectic manifolds. But we show that these two geometric
conditions are independent, that is there are examples of hyper-normal almost 3-contact manifolds such that V is not
integrable and of non-hyper-normal almost 3-contact manifolds such that V is integrable. Then we ﬁnd necessary and
suﬃcient conditions for the integrability of the distribution V and, in Section 4, we prove that an almost 3-contact metric
manifold with torsion veriﬁes such conditions. More precisely, we see that in any almost 3-contact metric manifold with
torsion the Reeb vector ﬁelds obey to the relation
[ξi, ξ j] = cξk (1.4)
where c is a constant which does not depend on the particular cyclic permutation (i, j,k) of {1,2,3} chosen. Thus, according
to the geometry of the leaves of V , almost 3-contact metric manifolds with torsion divide into two classes: those manifolds
for which the foliation V has the local structure of an abelian Lie group and those for which V has the local structure
of the Lie groups SO(3) or SU(2), according to take in (1.4) c = 0 and c = 0 respectively. Accordingly, we will call those
almost 3-contact metric manifolds with torsion with c = 0 3-cosymplectic manifolds with torsion, and those with c = 0 3-
α-Sasakian manifolds with torsion (3-Sasakian manifolds with torsion for c = 2). This terminology comes from the theory of
3-quasi-Sasakian manifolds which has been carried out in [8] and [9].
We conclude the article by studying the geometry of the space of leaves almost 3-contact metric manifolds with torsion,
thus putting them in relation with the theory of HKT-manifolds, and by presenting some examples of left invariant almost
contact metric 3-structures with torsion on Lie groups.
All manifolds considered here are assumed to be smooth i.e. of the class C∞ , and connected; we denote by Γ ( · ) the set
of all sections of a corresponding bundle. We use the convention that u ∧ v = u ⊗ v − v ⊗ u.
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A (2n + 1)-dimensional smooth manifold M is said to carry an almost contact structure if it admits a tensor ﬁeld of type
(1,1) φ and a global vector ﬁeld ξ , usually referred as Reeb vector ﬁeld, with dual 1-form η such that φ2 = −I + η ⊗ ξ .
From the deﬁnition it follows immediately that φξ = 0 and η ◦ φ = 0. An almost contact manifold (M, φ, ξ,η) is said to be
normal if the tensor ﬁeld [φ,φ]+dη⊗ ξ vanishes identically. Given an almost contact structure (φ, ξ,η) in a (paracompact)
smooth manifold M , one can prove the existence of at least one compatible metric, that is a Riemannian metric g such that
g(φX, φY ) = g(X, Y ) − η(X)η(Y ) for all X, Y ∈ Γ (TM). If we select one compatible metric then we say that (φ, ξ,η, g) is
an almost contact metric structure and (M, φ, ξ,η, g) an almost contact metric manifold. Then we can deﬁne the fundamental
2-form Φ by Φ(X, Y ) = g(X, φY ). Particular interest is given for those almost contact metric manifolds which are normal
and such that their fundamental 2-form is closed. Such almost contact metric manifolds are called quasi-Sasakian. A quasi-
Sasakian manifold M (or more generally an almost contact manifold) of dimension 2n + 1 is said to be of rank 2p (for some
p  n) if (dη)p = 0 and η ∧ (dη)p = 0 on M , and to be of rank 2p + 1 if η ∧ (dη)p = 0 and (dη)p+1 = 0 on M (cf. [3,30]). It
was proven in [3] that there are no quasi-Sasakian manifolds of even rank. Particular subclasses of quasi-Sasakian manifolds
are Sasakian manifolds (rank 2n + 1) and cosymplectic manifolds (rank 1) according to have, in addition, dη = 2Φ and dη = 0,
respectively. The Sasakian and cosymplectic conditions can be also expressed in term of the Levi Civita connection of g
by ∇ gX Y = g(X, Y )ξ − η(Y )X and ∇ gφ = 0. Another remarkable class of quasi-Sasakian structures is given by α-Sasakian
structures. We recall that an almost α-Sasakian manifold [21] is an almost contact metric manifold satisfying dη = αΦ for
some α ∈ R∗ . An almost α-Sasakian manifold which is also normal is called an α-Sasakian manifold. It is well known that
an almost contact metric manifold is α-Sasakian if and only if (∇ gXφ)Y = α2 (g(X, Y )ξ − η(Y )X) holds for all X, Y ∈ Γ (TM),
for some α ∈R∗ . Clearly for α = 2 we re-obtain the Sasakian condition.
An almost 3-contact manifold is a smooth manifold M endowed with three almost contact structures (φ1, ξ1, η1),
(φ2, ξ2, η2), (φ3, ξ3, η3) satisfying the following relations, for any even permutation (i, j,k) of {1,2,3},
φk = φiφ j − η j ⊗ ξi = −φ jφi + ηi ⊗ ξ j,
ξk = φiξ j = −φ jξi, ηk = ηi ◦ φ j = −η j ◦ φi . (2.1)
Then the dimension of M necessarily is of the form 4n+ 3. This notion was introduced by Y.Y. Kuo [23] and, independently,
by C. Udriste [32]. In [23] Kuo proved that given an almost contact 3-structure (φi, ξi, ηi), there exists a Riemannian metric
g compatible with each almost contact structure and hence we can speak of almost contact metric 3-structures. It is well
known that in any almost 3-contact metric manifold the Reeb vector ﬁelds ξ1, ξ2, ξ3 are orthonormal with respect to the
compatible metric g and that the structural group of the tangent bundle is reducible to Sp(n) × I3. Moreover, by putting
H =⋂3i=1 ker(ηi) one obtains a 4n-dimensional distribution on M and the tangent bundle splits as the orthogonal sum
TM = H ⊕ V , where V = 〈ξ1, ξ2, ξ3〉. We will call any vector belonging to the distribution H horizontal and any vector
belonging to the distribution V vertical. So any E ∈ Γ (TM) decomposes as E = Eh + Ev = Eh +∑3i=1 ηi(E)ξi . An almost
3-contact manifold M is said to be hyper-normal if each almost contact structure (φi, ξi, ηi) is normal.
A 3-quasi-Sasakian manifold is, by deﬁnition, an almost 3-contact metric manifold such that each structure (φi, ξi, ηi, g)
is quasi-Sasakian. Important subclasses are the well known 3-Sasakian and 3-cosymplectic manifolds. Another example
of 3-quasi-Sasakian manifolds is given by almost 3-contact metric manifolds (M, φi, ξi, ηi, g) such that each structure
(φi, ξi, ηi, g) is αi-Sasakian. It is proven in [15] that the non-zero constants α1, α2, α3 must coincide and then we speak of
3-α-Sasakian manifolds.
Many results on 3-quasi-Sasakian manifolds have been found in [8] and [9]. We collect some of them in the following
theorem.
Theorem 2.1. (See [8,9].) Let (M, φi, ξi, ηi, g) be a 3-quasi-Sasakian manifold of dimension 4n + 3. Then the distribution spanned by
the Reeb vector ﬁelds ξ1 , ξ2 , ξ3 is integrable and deﬁnes a Riemannian foliation V of M with totally geodesic leaves. In particular, we
have, for any even permutation (i, j,k) of {1,2,3}, that [ξi, ξ j] = cξk for some c ∈R. Moreover, the 1-forms η1 , η2 , η3 have the same
rank, which is called the rank of the 3-quasi-Sasakian manifold M, which is 1 if and only if M is 3-cosymplectic and in the other cases
is an integer number of the form 4l + 3 for some l  n. Furthermore, any 3-quasi-Sasakian manifold of maximal rank is necessarily
3-α-Sasakian.
We conclude the section recalling the deﬁnition of a canonical connection attached to any almost 3-contact metric
manifold and deﬁned in [7] (see also [9]):
Theorem 2.2. (See [7].) Let (M, φi, ξi, ηi, g) be an almost 3-contact metric manifold. Then there exists a unique connection ∇˜ on M
satisfying the following properties:
(1) ∇˜ξ1 = ∇˜ξ2 = ∇˜ξ3 = 0,
(2) (∇˜Z g)(X, Y ) = 0, for all X, Y , Z ∈ Γ (H),
(3) T ∇˜(X, Y ) =∑3i=1 dηi(X, Y )ξi and T ∇˜ (X, ξi) = 0, for all X, Y ∈ Γ (H).
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if and only if the Reeb vector ﬁelds are Killing. Finally, if M is 3-α-Sasakian, then for all E, F ∈ Γ (TM) and for a cyclic permutation
(i, j,k) of {1,2,3},
(∇˜Eφi)F = −αη j(E)φk F h + αηk(E)φ j F h, (2.2)
and if M is 3-cosymplectic, then the connection ∇˜ coincides with the Levi Civita connection and in particular we have, for each
i ∈ {1,2,3}, ∇˜φi = 0.
3. Foliated almost 3-contact manifolds
The integrability of V is a very important tool in the theory of 3-structures, because it permits to study the space of
leaves of a given almost 3-contact manifold and then to recover several new properties on the manifold. For the general
setting of 3-quasi-Sasakian structures, for instance, this study has been recently carried out in [9], whereas for the more
famous 3-Sasakian manifolds we can cite the works [6,18,22], and for 3-cosymplectic manifolds we refer to [7].
Note that both 3-Sasakian and 3-cosymplectic manifolds, and more in general 3-quasi-Sasakian manifolds, are hyper-
normal. Thus one can ask whether for a general almost 3-contact manifold the hyper-normality of the 3-structure could
imply the integrability of V . This is an old question risen by Kuo and Tachibana in [24] where they proved that the dis-
tribution spanned by the three Reeb vector ﬁelds of a hyper-normal 3-contact manifold is integrable with totally geodesic
leaves. At the knowledge of the author this problem is still open. Now we show by an explicit example that in general the
normality of the structures does not imply that V is necessarily involutive.
Example 3.1. Let g be the (4n + 3)-dimensional Lie algebra with basis {E1, . . . , E4n, ξ1, ξ2, ξ3} and with the Lie brackets
deﬁned by
[ξ1, ξ2] = E1, [ξ1, ξ3] = En+1, [ξ2, ξ3] = E2n+1, [Eh, Ek] = 0, [Eh, ξi] = 0,
h,k ∈ {1, . . . ,4n}, i ∈ {1,2,3}. Let G be a Lie group whose Lie algebra is g. We deﬁne a left-invariant almost contact
3-structure (φi, ξi, ηi) on G putting φiξ j = 	i jkξk , where 	i jk denotes the totally skew-symmetric symbol, and
φ1Eh = En+h, φ1En+h = −Eh, φ1E2n+h = E3n+h, φ1E3n+h = −E2n+h,
φ2Eh = E2n+h, φ2En+h = −E3n+h, φ2E2n+h = −Eh, φ2E3n+h = En+h,
φ3Eh = E3n+h, φ3En+h = E2n+h, φ3E2n+h = −En+h, φ3E3n+h = −Eh, (3.1)
and setting ηi(Eh) = 0, ηi(ξ j) = δi j , for all i, j ∈ {1,2,3} and h ∈ {1, . . . ,4n}. Then some long but simple computations show
that (φi, ξi, ηi), i ∈ {1,2,3}, is in fact a normal almost contact 3-structure on G though, by construction, the distribution V
spanned by the Reeb vector ﬁelds ξ1, ξ2, ξ3 is not integrable.
On the other hand in [8] it is presented an example of an almost 3-contact manifold which is not hyper-normal but such
that V is integrable, thus we conclude that, rather surprisingly, there is no relation between the integrability of V and the
normality of the structures. Now in the following proposition we ﬁnd necessary and suﬃcient conditions for V being an
involutive distribution.
Proposition 3.2. Let (M, φi, ξi, ηi, g), i ∈ {1,2,3}, be an almost 3-contact metric manifold. Then any two of the following conditions
imply the other one:
(i) V is integrable;
(ii) each Reeb vector ﬁeld is an inﬁnitesimal automorphism with respect to the distribution H;
(iii) (Lξi g)|H×V = 0 for all i ∈ {1,2,3}.
Furthermore, if any two, and hence all, of the above conditions hold, then V is necessarily totally geodesic and the following statements
are equivalent:
(a) (Lξi g)|TM×V = 0 for all i ∈ {1,2,3};
(b) [ξi, ξ j] = cξk for any even permutation (i, j,k) of {1,2,3} and for some constant c ∈R.
Proof. Let us suppose that V is integrable and each ξi preserves the horizontal distribution H. Then we have, for all
X ∈ Γ (H),
(Lξi g)(X, ξ j) = ξi
(
g(X, ξ j)
)− g([ξi, X], ξ j)− g(X, [ξi, ξ j])= 0 (3.2)
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0 = (Lξi g)(X, ξ j) = ξi
(
g(X, ξ j)
)− g([ξi, X], ξ j)− g(X, [ξi, ξ j])= −g(X, [ξi, ξ j])
from which it follows that [ξi, ξ j] belongs to V . Finally, assuming (i) and (iii), applying once again (3.2), one obtains that
η j([ξi, X]) = g([ξi, X], ξ j) = −(Lξi g)(X, ξ j) = 0 for all i, j ∈ {1,2,3} and X ∈ Γ (H), so that [ξi, X] ∈ Γ (H). Note that if (i)
and (ii) hold, then by the Koszul formula for the Levi Civita connection one has, for any horizontal vector ﬁeld Z ,
2g
(∇ gξα ξβ, Z)= ξα(g(ξβ, Z))+ ξβ(g(ξα, Z))− Z(g(ξα, ξβ))+ g([ξα, ξβ ], Z)+ g([Z , ξα], ξβ)+ g(ξα, [Z , ξβ ])= 0,
thus proving that V is totally geodesic. Now we prove the last part of the proposition. Let us assume that (a) holds, that is
(Lξi g)|V×V = 0. Then we have
g
([ξi, ξ j], ξi)= ξi(g(ξi, ξ j))− g([ξi, ξi], ξ j)− (Lξi g)(ξi, ξ j) = 0
and, analogously, g([ξi, ξ j], ξ j) = 0. Hence [ξi, ξ j] = f i jξk , where the function f i j is given by f i j = ηk([ξi, ξ j]) = −dηk(ξi, ξ j).
Note that by (a)
ηi
([ξ j, ξk])= g([ξ j, ξk], ξi)= ξ j(g(ξk, ξi))− g(ξk, [ξ j, ξi])= ηk([ξi, ξ j])
so that f i j = f jk = fki =: f . We prove that f is in fact a constant function. Indeed using the formula of the differential of a
2-form, we ﬁnd, for any X ∈ Γ (H)
−X( f ) = X(dηk(ξi, ξ j))
= d2ηk(X, ξi, ξ j) − ξi
(
dηk(ξ j, X)
)− ξ j(dηk(X, ξi))
+ dηk
([X, ξi], ξ j)+ dηk([ξi, ξ j], X)+ dηk([ξ j, X], ξi)
= f dηk(ξk, X) = 0,
where we have used (i) and (ii). It remains to show that f is also constant along the leaves of V . First of all note that (a) is
equivalent to the condition Lξiηi = 0 for all i ∈ {1,2,3}. Indeed we have (Lξiηi)(E) = ξi(ηi(E)) − ηi([ξi, E]) = ξi(g(ξi, E)) −
g([ξi, E], ξi) = ξi(g(ξi, E))− g([ξi, E], ξi)− g(E, [ξi, ξi]) = (Lξi g)(ξi, E), for all E ∈ Γ (TM). Then the vanishing of Lξiηi implies
that Lξi dηi = 0 and we have, for any even permutation (i, j,k) of (1,2,3),
0 = (Lξi dηi)(ξ j, ξk)
= ξi
(
dηi(ξ j, ξk)
)− dηi([ξi, ξ j], ξk)− dηi(ξ j, [ξi, ξk])
= −ξi( f ) − f dηi(ξk, ξk) + f dηi(ξ j, ξ j)
= −ξi( f ).
Thus f is constant. 
Remark 3.3. Looking at Proposition 3.2 it can seem unusual that the integrability of V and the condition [ξi, H] ⊂ H for all
i ∈ {1,2,3}, which do not involve the Riemannian geometry of M , are related to the condition that each ξi must be Killing.
But in fact the compatible metric g is closely related to the 1-forms ηi and hence to the Reeb vector ﬁelds ξi , more than in
almost contact geometry. Indeed for an almost 3-contact metric manifold we have that [7,8]
g(X, Y ) = −(Φ1 ◦ Φ2 ◦ Φ3(X))(Y ), ηi = iξ jΦk
X, Y ∈ Γ (H), where (i, j,k) is any even permutation of {1,2,3}, and Φi : X → Φi(X, ·) denotes the musical isomorphism
induced by the fundamental 2-form Φi between horizontal vector ﬁelds and vertical 1-forms and Φ

i denotes its inverse.
Corollary 3.4. Let (M, φi, ξi, ηi, g), i ∈ {1,2,3}, be an almost 3-contact metric manifold such that each Reeb vector ﬁeld is an in-
ﬁnitesimal automorphism with respect to the horizontal distribution H and is Killing. Then the distribution V is integrable and deﬁnes
a Riemannian foliation of M. Furthermore, the Reeb vector ﬁelds satisfy
[ξi, ξ j] = cξk
for an even permutation (i, j,k) of {1,2,3} and for some c ∈R.
This is the case, for instance, of 3-Sasakian and 3-cosymplectic manifolds, or of the more general class of 3-quasi-
Sasakian manifolds. Another interesting class of in general non-normal almost contact metric 3-structures is given by 3-
nearly-Sasakian and 3-nearly-cosymplectic structures. We recall that an almost 3-contact metric manifold (M, φi, ξi, ηi, g),
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nearly-Sasakian (respectively, nearly-cosymplectic), that is(∇ gXφi)X = g(X, X)ξi − ηi(X)X (3.3)
(respectively, (∇ gXφi)X = 0), for all X ∈ Γ (TM). We recall also that, as it is well known, in any nearly-Sasakian and nearly-
cosymplectic manifold the Reeb vector ﬁeld is Killing, and that a normal nearly-Sasakian (respectively, nearly-cosymplectic)
manifold is necessarily Sasakian (respectively, cosymplectic) (cf. [4,5]).
Proposition 3.5. In any 3-nearly-Sasakian manifold the distribution V is integrable and deﬁnes a Riemannian foliation with totally
geodesic leaves. Furthermore, the Reeb vector ﬁelds obey to the rule [ξi, ξ j] = 2ξk for an even permutation (i, j,k) of {1,2,3}.
Proof. For an even permutation (i, j,k) of {1,2,3}, applying (3.3), one has ∇ gξi ξ j = ∇
g
ξi
φkξi = ∇ gξiφkξi −φk∇
g
ξi
ξi = (∇ gξiφk)ξi =
g(ξi, ξi)ξk − ηk(ξi)ξi = ξk , where we have used the fact that for each nearly-Sasakian structure ∇ gξi ξi = 0 [5]. It follows that
[ξi, ξ j] = ∇ gξi ξ j − ∇
g
j ξi = 2ξk . Finally, that V deﬁnes a Riemannian foliation follows from the fact the Reeb vector ﬁelds ξ1,
ξ2, ξ3 are Killing. 
In a similar way one can ﬁnd an analogous result for 3-nearly cosymplectic structures:
Proposition 3.6. In any 3-nearly-cosymplectic manifold the distribution V is integrable and deﬁnes a Riemannian foliation with totally
geodesic leaves. Furthermore, one has, for any i, j ∈ {1,2,3}, [ξi, ξ j] = 0.
4. Almost 3-contact metric manifolds with torsion
In this section we deﬁne an appropriate notion of almost 3-contact metric connection with torsion on an almost 3-
contact metric manifold (M, φi, ξi, ηi, g). As we have remarked, due to Theorem 1.1, it is too strong to deﬁne an almost
3-contact metric connection with torsion as a linear connection on M parallelizing all the tensors g , φi , ξi , ηi and whose
torsion is totally skew-symmetric. Thus we weaken the above conditions and give the following deﬁnition.
Deﬁnition 4.1. An almost 3-contact metric manifold with torsion is a hyper-normal almost 3-contact metric manifold
(M, φi, ξi, ηi, g) admitting a metric connection ∇ such that for each i ∈ {1,2,3} ∇ηi = ∇ξi = 0,
(∇Eφ1)F = −cη2(E)φ3Fh + cη3(E)φ2Fh, (4.1)
(∇Eφ2)F = −cη3(E)φ1Fh + cη1(E)φ3Fh, (4.2)
(∇Eφ3)F = −cη1(E)φ2Fh + cη2(E)φ1Fh, (4.3)
for some c ∈R, and whose (0,3)-type torsion tensor T satisﬁes the following conditions:
(i) T is horizontally skew-symmetric,
(ii) T (X, ξi, Y ) = T (ξi, X, Y ) = T (ξi, ξ j, X) = T (X, ξi, ξ j) = T (ξi, X, ξ j) = 0 for all X, Y ∈ Γ (H) and for all i, j ∈ {1,2,3},
(iii) T (ξi, ξ j, ξk) = −c	i jk for all i, j,k ∈ {1,2,3},
where 	i jk denotes the totally skew-symmetric tensor. Then ∇ will be called almost 3-contact metric connection with torsion.
Remark 4.2. Note that (4.1)–(4.3) are equivalent to the conditions
∇φ1 = −c(η2 ⊗ φ3 − η3 ⊗ φ2 + (η2 ⊗ η2 + η3 ⊗ η3) ⊗ ξ1 − η1 ⊗ η2 ⊗ ξ2 − η1 ⊗ η3 ⊗ ξ3),
∇φ2 = −c(η3 ⊗ φ1 − η1 ⊗ φ3 − η1 ⊗ η2 ⊗ ξ1 + (η1 ⊗ η1 + η3 ⊗ η3) ⊗ ξ2 − η3 ⊗ η2 ⊗ ξ3),
∇φ3 = −c(η1 ⊗ φ2 − η2 ⊗ φ1 − η1 ⊗ η3 ⊗ ξ1 − η2 ⊗ η3 ⊗ ξ2 + (η1 ⊗ η1 + η2 ⊗ η2) ⊗ ξ3).
Indeed it is suﬃcient to decompose any E, F ∈ Γ (TM) as E = Eh + η1(E)ξ1 + η2(E)ξ2 + η3(E)ξ3, F = Fh + η1(F )ξ1 +
η2(F )ξ2 +η3(F )ξ3, and to substitute in (4.1)–(4.3). Moreover, it should be remarked that the case c = 0 corresponds to have
a linear connection on M parallelizing all the tensors g , φi , ηi , ξi .
A characterization of almost 3-contact metric manifolds with torsion is given in the following theorem.
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ifold with torsion if and only if dφ1Φ1 = dφ2Φ2 = dφ3Φ3 on H, ξ1 , ξ2 , ξ3 are Killing, the distribution that they span is integrable and
the tensor ﬁelds φ1 , φ3 , φ3 satisfy the relations, for any cyclic permutation (i, j,k) of {1,2,3},
Lξiφ j = cφk (4.4)
for some c ∈R. In this case, the Reeb vector ﬁelds obey to the rule
[ξi, ξ j] = cξk (4.5)
where c is the same constant in (4.4) and in (iii) of Deﬁnition 4.1, independent on the even permutation (i, j,k) of {1,2,3} chosen.
Moreover, the complete expression of the torsion is the following:
T (X, Y , Z) = dΦi(φi X, φi Y , φi Z), T (X, Y , ξi) = dηi(X, Y ), T (ξi, ξ j, ξk) = −c	i jk, (4.6)
the remaining terms being zero, for all X, Y , Z ∈ Γ (H), i, j,k ∈ {1,2,3}. Finally, if an almost 3-contact metric connection with torsion
exists then it is unique.
Proof. Let us suppose that the assumptions of the theorem hold. Firstly note that since V is integrable and each ξi is Killing,
by Proposition 3.2 we have that the brackets of any two Reeb vector ﬁelds obey to the rule
[ξi, ξ j] = c′ξk (4.7)
where c′ is a constant independent on the particular cyclic permutation (i, j,k) of {1,2,3} chosen. On the other hand,
by (4.4), cξ j = cφkξi = (Lξiφ j)ξi = [ξi, φ jξi] − φ j[ξi, ξi] = −[ξi, ξk] = c′ξ j , hence the two constants c and c′ must coincide.
Now, by Theorem 1.1, since the Reeb vector ﬁelds are Killing and the 3-structure is hyper-normal, for each i ∈ {1,2,3}
there exists a unique connection ∇ i with totally skew-symmetric torsion parallelizing ξi , ηi , φi and g . These three linear
connections ∇1, ∇2, ∇3 do not coincide, but they do if restricted to the horizontal distribution H. Indeed, by (1.2), for each
i ∈ {1,2,3}, one has, for all X, Y , Z ∈ Γ (H),
2g
(∇ iX Y , Z)= 2g(∇ gX Y , Z)+ (ηi ∧ dηi)(X, Y , Z) − dΦi(φi X, φi Y , φi Z)
+ g(X,Ni(Y , Z))− (ηi ∧ iξi Ni)(X, Y , Z)
= 2g(∇ gX Y , Z)− dΦi(φi X, φi Y , φi Z)
since Ni = 0. Thus g(∇ iX Y , Z) = g(∇ jX Y , Z) because of the assumption that dφiΦi = dφ jΦ j on H. It follows that for any
i, j ∈ {1,2,3} (∇ iX Y )h = (∇ jX Y )h . Thus an adapted connection is induced on H by setting
∇HX Y :=
{
(∇ iX Y )h, for X, Y ∈ Γ (H);
∇BV Y , for V ∈ Γ (V), Y ∈ Γ (H)
(4.8)
where ∇B is the Bott connection with respect to the foliation V , deﬁned by ∇BV Y := [V , Y ]H (cf. [31]). Finally we can extend
∇H to a global connection ∇ on TM by putting ∇ξi = 0 for each i ∈ {1,2,3}. Note that, for all X ∈ Γ (H), ∇ξi X = [ξi, X]h =[ξi, X] since, ξi being Killing and V integrable, [ξi, X] ∈ Γ (H) by Proposition 3.2. We prove that ∇ is a metric connection.
Firstly note that for all horizontal vector ﬁelds X, Y , Z , we have
(∇X g)(Y , Z) = X
(
g(Y , Z)
)− g((∇ iX Y )h, Z)− g(Y , (∇ iX Z)h)
= X(g(Y , Z))− g((∇ iX Y ), Z)− g(Y , (∇ iX Z))= 0,
since ∇ i is metric. Moreover, since ∇ preserves the orthogonal decomposition TM = H ⊕ V , clearly (∇X g)(Y , ξi) = 0 for any
Y ∈ Γ (H) and i ∈ {1,2,3}. Finally, (∇E g)(ξi, ξ j) = 0 for any E ∈ Γ (TM) and i, j ∈ {1,2,3} and, for all X, Y ∈ Γ (H),
(∇ξi g)(X, Y ) = ξi
(
g(X, Y )
)− g([ξi, X], Y )− g(X, [ξi, Y ])= (Lξi g)(X, Y ) = 0 (4.9)
since each ξi is a Killing vector ﬁeld. Next, from ∇g = 0 and ∇ξi = 0 it follows easily that also each ηi is ∇-parallel. Now
we prove that ∇ veriﬁes the relations (4.1)–(4.3). Indeed for all X, Y ∈ Γ (H) we have
(∇Xφ1)Y =
(∇1Xφ1Y )h − φ1(∇1X Y )h
= (∇1Xφ1)Y − g(∇1Xφ1Y , ξ1)ξ1 − g(∇1Xφ1Y , ξ2)ξ2 − g(∇1Xφ1Y , ξ3)ξ3
+ g(∇1X Y , ξ1)φ1ξ1 + g(∇1X Y , ξ2)φ1ξ2 + g(∇1X Y , ξ3)φ1ξ3
= −g(∇1Xφ1Y , ξ2)ξ2 − g(∇1Xφ1Y , ξ3)ξ3 − g(∇1X Y , φ1ξ3)ξ3 − g(∇1X Y , φ1ξ2)ξ2
= −g(∇1Xφ1Y , ξ2)ξ2 − g(∇1Xφ1Y , ξ3)ξ3 + g(φ1∇1X Y , ξ3)ξ3 + g(φ1∇1X Y , ξ2)ξ2
= −g((∇1Xφ1)Y , ξ3)ξ3 − g((∇1Xφ1)Y , ξ2)ξ3 = 0, (4.10)
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for any cyclic permutation (i, j,k) of {1,2,3}, (∇ξ jφi)X = [ξ j, φi X] − φi[ξ j, X] = (Lξ jφi)X = cφk X , because of (4.4), and,
clearly, (∇Eφi)ξ j = ∇Eξk −φi∇Eξ j = 0. Thus (4.1)–(4.3) are completely proven. Finally, that the (0,3)-tensor T is horizontally
skew-symmetric follows directly from Proposition 1.1 and some straightforward computations show that T∇ (X, ξi) = 0 and
T∇(ξi, ξ j) = −[ξi, ξ j] = −cξk , from which taking into account the integrability of V it is easy to check that (ii) and (iii) of
Deﬁnition 4.1 hold.
Conversely, suppose that (M, φi, ξi, ηi, g) admits an almost 3-contact metric connection with torsion ∇ . By (ii) of Deﬁni-
tion 4.1 and ∇ξ1 = ∇ξ2 = ∇ξ3 = 0 we have, for all X ∈ Γ (H),
0 = T (ξi, ξ j, X) = g
(
T∇(ξi, ξ j), X
)= g(∇ξi ξ j − ∇ξ j ξi − [ξi, ξ j], X)= −g([ξi, ξ j], X)
from which we get the integrability of V . Moreover, (iii) of Deﬁnition 4.1 implies that [ξi, ξ j] = cξk . Note also that, as for all
i ∈ {1,2,3} ∇ηi = 0, ∇ preserves the horizontal distribution. Then, for any X, Y ∈ Γ (H), we have
0 = T (ξi, X, ξ j) = g
(
T∇(ξi, X), ξ j
)= g(∇ξi X − [ξi, X], ξ j)
from which it follows that ∇ξi X = (∇ξi X)h = [ξi, X]h = ∇Bξi X . Thus ∇ is an adapted connection, that is it coincides with the
Bott connection ∇B when restricted to the leaves of V . Moreover, the conditions (4.1)–(4.3) imply that (Lξiφ j)X = cφk X
for any X ∈ Γ (H) and for any even permutation (i, j,k) of {1,2,3}. Finally, in order to verify (4.4), we compute (Lξiφ j)ξl ,
l ∈ {1,2,3}, getting
(Lξiφ j)ξi = [ξi, φ jξi] − φ j[ξi, ξi] = −[ξi, ξk] = cξ j = cφkξi,
(Lξiφ j)ξ j = [ξi, φ jξ j] − φ j[ξi, ξ j] = −cφ jξk = −cξi = cφkξ j,
(Lξiφ j)ξk = [ξi, φ jξk] − φ j[ξi, ξk] = [ξi, ξi] + cφ jξ j = 0 = cφkξk.
The next step is to prove that each ξi is Killing. But since ∇ is an adapted connection, as in (4.9) we ﬁnd (Lξi g)(X, Y ) =
(∇ξi g)(X, Y ) for all X, Y ∈ Γ (H). Then since ∇ is metric we get that ξi is Killing. Thus, applying Theorem 1.1 for each almost
contact metric structure (φi, ξi, ηi, g) there exists a linear connection ∇ i with totally skew-symmetric torsion T i given
by (1.3). Hence, in order to prove that the dΦφi ’s coincide on H, it is suﬃcient to show that for all X, Y ∈ Γ (H) (∇1X Y )h =
(∇2X Y )h = (∇3X Y )h = ∇X Y . Fix an i ∈ {1,2,3} and deﬁne a new connection ∇¯ i on M by requiring that ∇¯ iX Y = ∇X Y + (∇ iX Y )v
for all X, Y ∈ Γ (H) and ∇¯ i coincides with ∇ i elsewhere. If we prove that ∇¯ i is a metric connection with totally skew-
symmetric torsion parallelizing φi , ηi and ξi , then according to Theorem 1.1 by the uniqueness of such a connection on the
almost contact metric structure (φi, ξi, ηi, g) we would have obtained that ∇¯ i = ∇ i and hence, in particular, that (∇ iX Y )h =
∇X Y for all X, Y ∈ Γ (H). Indeed T¯ i(X, Y , Z) = T (X, Y , Z), T¯ i(ξl, Y , Z) = T i(ξl, Y , Z) = T¯ i(Y , ξl, Z) = T¯ i(Y , Z , ξl), l ∈ {1,2,3},
so that the torsion T¯ i coincides with T on H and with T i elsewhere, hence it is totally skew-symmetric. Next, for all
X, Y , Z ∈ Γ (H), V ,W ∈ Γ (V) and E ∈ Γ (TM) we have (∇¯ iX g)(Y , Z) = (∇X g)(Y , Z) = 0,(∇¯ iX g)(Y , V ) = X(g(Y , V ))− g((∇ iX Y )v , V )− g(Y ,∇ iX V )
= X(g(Y , V ))− g(∇ iX Y , V )− g(Y ,∇ iX V )
= (∇ iX g)(Y , V ) = 0
and (∇¯ iE g)(V ,W ) = (∇ iE g)(V ,W ) = 0. This proves that ∇¯ i is a metric connection. Since by deﬁnition ∇¯ iξi = ∇ iξi = 0 and
∇ i is metric, we get ∇¯ iηi = 0. Finally for all X, Y ∈ Γ (H), as by (4.1)–(4.3) (∇Xφi)Y = 0, we have(∇¯ iXφi)Y = (∇Xφi)Y + (∇ iXφi Y )v − φi(∇ iX Y )v
= g(∇ iXφi Y , ξ j)ξ j + g(∇ iXφi Y , ξk)ξk − g(∇ iX Y , ξ j)φiξ j − g(∇ iX Y , ξk)φiξk
= g(φi∇ iX Y , ξ j)ξ j + g(φi∇ iX Y , ξk)ξk − g(∇ iX Y , ξ j)ξk + g(∇ iX Y , ξk)ξ j
= −g(∇ iX Y , φiξ j)ξ j − g(∇ iX Y , φiξk)ξk − g(∇ iX Y , ξ j)ξk + g(∇ iX Y , ξk)ξ j = 0.
Thus, by the uniqueness of the almost contact metric connection with totally skew-symmetric torsion of (φi, ξi, ηi, g), ∇¯ i
coincides with ∇ i and as previously remarked this implies that (∇ iX Y )H = ∇X Y . By this last equality and (1.2) one obtains
easily that dΦφ11 = dΦφ22 = dΦφ33 on H. Moreover it is now clear that the above connection ∇ is uniquely deﬁned. Finally,
it remains to prove the second formula in (4.6). We have T (X, Y , ξi) = g(T∇(X, Y ), ξi) = ηi(∇X Y ) − ηi(∇Y X) − ηi([X, Y ]) =
dηi(X, Y ), since ∇ preserves the horizontal distribution. 
Remark 4.4. Since the brackets of any two Reeb vector ﬁelds of an almost 3-contact metric manifold with torsion obey to
the rule (4.5), we may divide almost 3-contact metric manifolds with torsion in two classes according to the behavior of
the leaves of the canonical foliation V : those for which each leaf of V is locally SO(3) (or SU(2)) (which corresponds to take
in (4.5) the constant c = 0), and those for which each leaf of V is locally an abelian group (this corresponds to the case
c = 0).
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T i of each connection ∇ i , if and only if also the terms T (X, Y , ξi) vanish identically. This is equivalent to the integrability
of the horizontal distribution. Furthermore, as in HKT-geometry if an HKT-manifold has vanishing torsion then it is hyper-
Kähler, when the torsion of an almost 3-contact metric manifold M with torsion vanishes identically, M is necessarily
3-cosymplectic, whereas when the torsion is given by T (E, F , ξi) = 2Φi(E, F ) for all E, F ∈ Γ (TM) then M is 3-Sasakian.
Thus we will also call almost 3-contact metric manifolds such that c = 0 or c = 2 simply 3-cosymplectic manifolds with torsion
or 3-Sasakian manifolds with torsion, respectively. The above result is a consequence of the following proposition.
Corollary 4.6. Let (M, φi, ξi, ηi, g) be an almost 3-contact metric manifold with torsion. Then
(i) M is 3-quasi-Sasakian if and only if the torsion is given by
T (X, Y , Z) = c
3∑
i=1
Φi(X, Y )ηi(Z), (4.11)
for all X, Y , Z ∈ Γ (TM). If c = 0 M is 3-cosymplectic and ∇ reduces to the Levi Civita connection. If c = 0 M is 3-α-Sasakian
with α = c and ∇ coincides with the canonical connection ∇˜ deﬁned in Theorem 2.2.
(ii) If c = 0, M is 3-α-Sasakian if and only if dΦi(X, Y , ξ j) = 0 for all X, Y ∈ Γ (H) and i, j ∈ {1,2,3}.
Proof. (i) We distinguish the cases c = 0 and c = 0. If c = 0, by (4.6) the vanishing of the torsion is equivalent to having
dΦi = 0 on H and dηi = 0 for all i ∈ {1,2,3}. Now, the condition Lξiφ j = 0 and the fact that ξi is Killing imply that
LξiΦ j = 0. Then, by the Cartan formula for the Lie derivative we have iξi dΦ j = LξiΦ j − diξiΦ j = dηk = 0. Thus for each
i ∈ {1,2,3} the forms ηi and Φi are closed, and M is then 3-cosymplectic. The converse follows easily from (4.6). Now
we prove the statement for the case c = 0. Let us suppose that the torsion is given by (4.11). Then by (4.6) for each
i ∈ {1,2,3} we have dηi(X, Y ) = T (X, Y , ξi) = cΦi(X, Y ) for all X, Y ∈ Γ (H). Moreover, applying Proposition 3.2 we get, for
any X ∈ Γ (H), dηi(X, ξ j) = 0 = cΦi(X, ξ j) and, ﬁnally, dηi(ξ j, ξk) = −ηi([ξ j, ξk]) = −ηi(cξi) = −c = −cΦi(ξi, ξ j). Therefore
dηi = cΦi and M is 3-α-Sasakian with α = c. Conversely, if M is 3-α-Sasakian then the closedness of each Φi implies the
vanishing of T on H. Moreover the condition dηi = cΦi together with (4.6) imply (4.11). Finally in both the cases c = 0 and
c = 0 it is easy to verify that the connection ∇ satisﬁes the conditions (1), (2), (3) of Theorem 2.2 and then coincides with
the canonical connection ∇˜ stated in Proposition 2.2 which for c = 0 coincides in turn with the Levi Civita connection.
(ii) Note that if i = j always dΦi(X, Y , ξ j) = 0, so we can suppose i = j. By a simple computation we get
dΦi(X, Y , ξ j) = (Lξ jΦi)(X, Y ) − g
([X, Y ], ξk)= −cΦk(X, Y ) + dηk(X, Y ).
Then dΦi(·, ·, ξ j) = 0 if and only if dηk = cΦk , that is M is 3-α-Sasakian with α = c. 
Deﬁnition 4.1 is motivated by the following theorem, which relates almost 3-contact metric manifolds with torsion with
HKT manifolds.
Theorem 4.7. Any almost 3-contact metric manifold with torsion admits a projectable, transversal hyper-Kähler structure with torsion
or quaternionic structure with torsion, according to c = 0 or c = 0 respectively. In particular, every compact almost 3-contact metric
manifold with torsion with compact leaves projects onto a compact HKT or QKT-orbifold according to c = 0 or c = 0, respectively.
Proof. The last part of the theorem follows from a general fact about Riemannian foliations. Indeed since the Reeb vector
ﬁelds are Killing, V is a Riemannian foliation, hence the assumptions of the compactness of M and of the leaves of V yield
that the space of leaves M ′ = M/V is a compact orbifold. Now we prove the ﬁrst part. Let us suppose that c = 0. Then as
each tensor ﬁeld φi is projectable, ξi Killing and (φi, ξi, ηi) normal, V is in fact transversely hyper-Hermitian. Next we prove
that also the connection ∇ is projectable, that is it projects to connections of the local slice spaces of V . The conditions
for this are [25]: (a) for any basic vector ﬁelds X ∈ Γ (H) and V ∈ Γ (V) one has ∇V X = 0, (b) if X and Y are basic vector
ﬁelds then also ∇X Y is a basic vector ﬁeld. Here, by “basic vector ﬁeld” we mean a horizontal vector ﬁeld X which is locally
projectable to a vector ﬁeld on the leaf space by means a local submersion deﬁning the foliation V ; one can see that this
is equivalent to require that [X, V ] is still vertical whenever V is a vertical vector ﬁeld (cf. [25,31]). Now the condition (a)
is easily veriﬁed since for each i ∈ {1,2,3} ∇ξi X = [ξi, X] = 0 because [ξi, X] is both horizontal (by Proposition 3.2) and
vertical (X being basic). Also the second condition holds. Indeed ﬁrst recall that, by deﬁnition of ∇ , ∇X Y is horizontal; then
for any Z ∈ Γ (H) (which is not restrictive to assume basic) we have
g
([ξi,∇X Y ], Z)= −(Lξi g)(∇X Y , Z) + Z(g(∇X Y , ξi))− g(∇X Y , [ξi, Z ])= 0
since ξi is Killing, ∇ is a metric connection and, as Z is basic, [ξi, Z ] = 0. Thus for each i ∈ {1,2,3} [ξi,∇X Y ] ∈ Γ (V)
and hence ∇X Y is basic. Therefore ∇ locally projects along the leaves of V to a metric connection which parallelizes the
induced almost Hermitian structures, since ∇φi = 0 for each i ∈ {1,2,3}, and whose torsion is totally skew-symmetric since
the torsion of ∇ is horizontally skew-symmetric. The case c = 0 is analogous, the only difference being that not each φi ,
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projects locally to an almost quaternionic connection due to (4.1)–(4.3). Moreover, (1.1) is satisﬁed because of the relation
T (φi X, φi Y , Z) − T (X, Y , Z) + T (φi X, Y , φi Z) + T (X, φi Y , φi Z) = −N(X, Y , Z)
(cf. [12], pag. 328) and the hyper-normality of (φi, ξi, ηi).
Remark 4.8. One can ask whether the assumptions of Theorem 4.3 are too strong. More precisely we wonder whether an
almost 3-contact metric manifold which is hyper-normal, veriﬁes (4.4) and whose Reeb vector ﬁelds are Killing and generate
an integrable distribution could be necessarily 3-quasi-Sasakian. Now we see that this is not the case, by showing an explicit
example of almost 3-contact metric manifold satisfying the above conditions but whose fundamental 2-forms are not closed.
Let g be a (4n + 3)-dimensional real vector space with basis {E1, . . . , E4n , ξ1, ξ2, ξ3}. We deﬁne a Lie algebra structure on g
setting
[Ei, E j] = 0, [Ei, En+ j] = δi jξ1, [Ei, E2n+ j] = δi jξ2, [Ei, E3n+ j] = δi jξ3, (4.12)
[En+i, En+ j] = 0, [En+i, E2n+ j] = δi jξ3, [En+i, E3n+ j] = −δi jξ2, (4.13)
[E2n+i, E2n+ j] = 0, [E2n+i, E3n+ j] = δi jξ1, [E3n+i, E3n+ j] = 0, (4.14)
[Ek, ξl] = 0, [ξ1, ξ2] = [ξ1, ξ3] = [ξ2, ξ3] = 0, (4.15)
i, j ∈ {1, . . . ,n}, k ∈ {1, . . . ,4n}, l ∈ {1,2,3}. Let G be a Lie group whose Lie algebra is g. We deﬁne, for each l ∈ {1,2,3} an
endomorphism φl by putting φlξm = 	lmpξp and deﬁning φl Eh as in (3.1). Moreover we set ηl(Eh) = 0 and ηl(ξm) = δlm , for all
l,m ∈ {1,2,3} and h ∈ {1, . . . ,4n}. Moreover we deﬁne a Riemannian metric on G by requiring that {E1, . . . , E4n, ξ1, ξ2, ξ3}
is orthonormal. Then some long straightforward computations show that (φα, ξα,ηα), α ∈ {1,2,3}, is in fact a hyper-normal
left-invariant almost contact 3-structure on G . Moreover each Reeb vector ﬁeld is Killing, the distribution spanned by ξ1, ξ2,
ξ3 is obviously integrable and the tensor ﬁelds φ1, φ2, φ3 verify (4.4) taking c = 0. Nevertheless M is not 3-quasi-Sasakian,
since the fundamental 2-forms Φl are not closed. Indeed for instance, one ﬁnds dΦ2(Ei, En+ j, ξ3) = −δi j .
Remark 4.9. The connection stated in Theorem 4.3 should be compared, in the limit case of 3-Sasakian manifolds, with the
connection deﬁned by Biquard in [2] for a quaternionic contact manifold of dimension 4n + 3> 7 and by Duchemin [11] in
dimension 7 (see also [20] for more details). In fact any 3-Sasakian manifold (M, φi, ξi, ηi, g) carries a canonical quaternionic
contact structure on M given by the distribution H, the metric g and the subbundle Q of End(H) generated by the
restriction of φ1, φ2, φ3 to H. Then, according to [2], there exists a unique linear connection ∇˜ on M such that
(A) ∇˜ preserves the distributions H and V ,
(B) ∇˜g = 0,
(C) ∇˜Q ⊂ Q ,
(D) for any X, Y ∈ Γ (H), T ∇˜ (X, Y ) = −pV ([X, Y ]),
(E) for any ξ ∈ Γ (V), the endomorphism T˜ξ := pH(T ∇˜ (ξ, ·)) lies in (sp(n) ⊕ sp(1))⊥ ⊂ so(4n),
where T ∇˜ denotes the torsion tensor ﬁeld of ∇˜ . Note that, in this case, as pointed out in Corollary 4.6, the connection ∇
stated in Theorem 4.3 coincides with that of Theorem 2.2. Thus by (2.2) one has ∇φi = 0 on H, so that ∇ satisﬁes (C).
Moreover, the torsion tensor ﬁeld of ∇ veriﬁes (D) and (E), because for all X, Y ∈ Γ (H) T∇ (X, Y ) =∑3i=1 dηi(X, Y )ξi =
−∑3i=1 ηi([X, Y ])ξi = −∑3i=1 g([X, Y ], ξi)ξi = −pV ([X, Y ]), and Tξ ≡ 0. Since also (A) and (B) are easily veriﬁed we con-
clude that ∇ coincides with the Biquard connection.
We conclude with an example of a left-invariant almost contact metric 3-structure with torsion on a Lie group, which
can be seen as the analogous in this context of Example 2.1(1) in [10].
Example 4.10. Let g be a 11-dimensional Lie algebra with basis {E1, . . . , E8, ξ1, ξ2, ξ3} and non-zero Lie brackets
[E1, E2] = −[E3, E4] = E5, [E1, E3] = [E2, E4] = E6, [E1, E4] = −[E2, E3] = E7.
Let G be a Lie group whose Lie algebra is g. We deﬁne a left-invariant almost 3-contact metric structure (φi, ξi, ηi, g) on G
putting φiξ j = 	i jkξk and
φ1E1 = E2, φ1E2 = −E1, φ1E3 = E4, φ1E4 = −E3, φ1E5 = E6, φ1E6 = −E5,
φ1E7 = E8, φ1E8 = −E7, φ1ξ1 = 0, φ1ξ2 = ξ3, φ1ξ3 = −ξ2,
φ2E1 = E3, φ2E2 = −E4, φ2E3 = −E1, φ2E4 = E2, φ2E5 = E7, φ2E6 = −E8,
φ2E7 = −E5, φ2E8 = E6, φ2ξ1 = −ξ3, φ2ξ2 = 0, φ2ξ3 = ξ1,
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φ3E7 = −E6, φ3E8 = −E5, φ3ξ1 = ξ2, φ3ξ2 = −ξ1, φ3ξ3 = 0,
and setting ηi(Eh) = 0, ηi(ξ j) = δi j , for all i, j ∈ {1,2,3} and h ∈ {1, . . . ,8}. The Riemannian metric g is deﬁned requiring
that {E1, . . . , E8, ξ1, ξ2, ξ3} is orthonormal. Then some straightforward computations show that, for each i ∈ {1,2,3},
dφiΦi(E1, E2, E5) = −dφiΦi(E2, E3, E7) = −dφiΦi(E3, E4, E5) = −1,
the remaining terms being zero, so that dφ1Φ1 = dφ2Φ2 = dφ3Φ3 on H. Moreover one can easily check that the almost
contact 3-structure (φi, ξi, ηi) is hyper-normal, each ξi is Killing and the tensor ﬁelds φ1, φ2, φ3 verify the condition Lξiφ j =
0. Thus the assumptions of Theorem 4.3 are satisﬁed and (G, φi, ξi, ηi, g) is an almost 3-contact metric manifold with
torsion.
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